In this paper we calculate at high-precision the expansions in ǫ = (4 − D)/2 of the master integrals of 4-loop vacuum bubble diagrams with equal masses, using a method based on the solution of systems of difference equations. We also show that the analytical expression of a related on-shell 3-loop self-mass master integral contains new transcendental constants made up of complete elliptic integrals of first and second kind. PACS number(s): 12.20. Ds, 12.38.Bx 
One popular approach to calculating Feynman diagrams relies on the use of integration-by-parts identities [1, 2] . By using algebraic identities the contribution of a diagram is reduced to a combination of irreducible integrals, the so-called master integrals. Only for these an explicit calculation is needed. For diagrams containing different masses and momenta, it is possible to express a multiscale master integral in terms of single-scale integrals by means of well-known technique of asymptotic expansions [3, 4, 5, 6, 7] . This technique has had numerous applications in the last years; we refer the reader to the reviews [8, 9, 10] and the references therein.
The single-scale master integrals contain at most two possible values of masses, 0 and m, and external lines on-shell; being pure numbers, they can be calculated analytically or numerically at high precision once and for all. Some results are already available in the literature: two-loop singlescale self-mass master integrals and three-loop vacuum master integrals were evaluated analytically respectively in Refs. [12, 13, 14, 15] and Ref. [16] , for all possible combinations of masses 0 and m; among the numerous applications, for example, three-loop vacuum integrals were used for calculating the relation [11] between the MS and the on-shell quark mass at order α 3 s . The three-loop single-scale self-mass master integrals appearing in the 3-loop QED contribution to the electron g-2 were calculated in analytical form in Ref. [17, 18] ; other three-loop self-mass master integrals appearing in QCD diagrams were calculated analytically in Ref. [19] . An analytical calculation of self-mass master integrals which appear in the 4-loop QED contribution to the electron g-2 seemed not to be feasible with the techniques used so far, so that the author has recently developed a new method of calculation of master integrals based on the high-precision numerical solution of systems of difference equations [20, 21] . As first applications of this method, the three-loop allmassive self-mass master integrals and deeper expansions of 3-loop QED master integrals have been calculated at high precision [20, 21, 22] .
In this paper we apply this method for the first time at 4-loop level, by calculating all the 4-loop vacuum-bubble master integrals with all massive lines. We think the results obtained are of some importance in view of the applications to 4-loop g-2, since the values of the these vacuum integrals can be used as initial conditions for the integration of differential equations in masses [23] and external momenta [24] in order to work out the 4-loop g-2 self-mass master integrals.
We consider here only the master integrals which do not factorize into a product of integrals with fewer loops, already known. There are 10 different topologies for these integrals, shown in Fig.1 , of which that corresponding to V 13 is not planar. Three diagrams have two master integrals. The Laurent expansion in ǫ = (4 − D)/2 of the master integrals are: The master integrals V j are defined as
where
and all other P j = 1; Q j is the product of denominators of the corresponding jth diagram of Fig.1, each The rapid growth of the coefficients is due to the fact that the integrals, seen as functions of D, have poles near D = 4. For example, in the case of V 13 the nearest poles are D = 9/2, 5, 16/3, and 11/2; by factorizing out these poles, one obtains a series with decreasing coefficients:
.9976726 + 2.981017ǫ + 2.981995ǫ
Now we sketch here the method used for obtaining Eqs. (1)- (13); for a complete description the reader is referred to Refs. [20, 21] . For each master integral V j we have chosen a denominator and raised it to n, and we have built a system of difference equations between the functions V j (n). The difference equation for a given master integral contains in the r.h.s. only master integrals with less denominators, which are simpler. The equations of the system are solved one at once, beginning with that corresponding to the simplest master integral, V 1 , and ending with that corresponding to the most complex, V 13 . The necessary boundary conditions at n → ∞ are expressed by 3-loop integrals which are calculated by solving other systems of difference equations. The homogeneous and nonhomogeneous solutions of the difference equations are expanded in factorial series or alternatively transformed into integral representations, and evaluated numerically for suitable integer values of the exponents. By taking these results as input values and by using the equations of the system as recurrence relations, one recovers the values of the master integrals V j (1), Eqs.(1)- (13) .
For example, the function V 1 (n) satisfies the fourth-order difference equation
It contains in the r.h.s. the integral obtained from V 1 by contracting a line, which factorizes into a product of 4 one-loop tadpoles. The solution of Eq. (15) compatible with the large-n boundary condition V 1 (n) ∝ n −D/2 can be written as V 1 (n) = C I HO (n) + I N H (n) , where I HO and I N H are respectively the solution of the homogeneous equation with above large-n behaviour and a particular solution of the nonhomogeneous equation (15) . The constant C turns out to be the value of the 3-loop vacuum bubble obtained from V 1 by deleting a line.
The amount of calculations needed to work out and solve all the systems of difference equations is rather high, so that the calculations have been performed by means of an automatic tool, the program SYS described in Ref. [20] .
Eqs. (1)- (13) have a precision sufficient to substitute analytical expressions for most of practical uses. Anyway, it is interesting to work out the analytical expressions of some of these results. In the case of V 4 , a straightforward application of the methods used in [17] for calculating the 3-loop g-2 master integrals gives
which agrees perfectly with Eq.(4). As usual, the expression turns out to contain integer values of Riemann ζ-function ζ(p) = ∞ n=1 1/n p , and values of the polylogarithms Li p (x) = ∞ n=1 x n /n p . The same method may be also used for calculating V 8 , but not for calculating the remaining master integrals. The reason is the appearance of double elliptic integrals which cannot be expressed in terms of polylogarithms.
The appearance of elliptic integrals in the calculation of multiloop diagrams with many massive lines is a well-known phenomenon. In fact, the principal difficulty of the analytical calculation of 3-loop g-2 has been the individuation of the approaches which allowed us to avoid elliptic integrations. Unfortunately in the case of the 4-loop vacuum master integrals the problem cannot be circumvented and we are forced to perform the elliptic integrations.
Let us consider the simplest vacuum diagram, V 1 . By cutting one line of this bubble one obtains the 3-loop self-mass diagram shown in Fig.2 . If we take all masses equal to one, and the external line on the mass-shell, this diagram has two master integrals, whose S 1 is
and Q is the product of the four denominators of the diagram. The analytical expressions of V 1 and S 1 are strictly related. In fact, introducing hyperspherical variables [25, 26] and performing the angular integrations one finds that the finite parts of V 1 and S 1 can be expressed as a sum of many double elliptic integrals with the same three square roots in the denominator. The simplest of these integrals is that with unity as numerator
R(x, y, z) = x 2 + y 2 + z 2 − 2xy − 2xz − 2yz .
We have been not able to calculate this integral in analytical form. Therefore, we have resorted to 'experimental mathematics': we have evaluated it at very high precision and we have tried to fit the numerical value with various kinds of analytical expressions. Luckily 1 , we have found that
1 We have been inspired by the analytical expressions of a double elliptic integral [27] related to the Appell F 2 function and by the analytical result of the 2-loop 3-lines "sunrise" self-mass diagram in two dimensions
where K is the first of the two standard elliptic integrals
We have verified Eq.(19) with a precision of more than 30000 digits 2 . Once the analytical expression of the basic integral A has been identified beyond any reasonable doubt, we have considered the full integral representations of the finite parts of V 1 and S 1 ; they contain integrals which differ from Eq.(17) by additional polynomials and logarithmic functions in the numerators. A high-precision numerical expansion in ǫ of S 1 was calculated in Ref.
[28] by means of the program SYS. We have been able to fit the numerical result with the analytical expression S 1 (Fig.2) by using the integer-relation search algorithm PSLQ [29] . We have verified Eq. (21) with 1200 digits of precision. Eq. (21) is important because it shows for the first time that there exist single-scale integrals which contain non-polylogarithmic transcendental constants. The same constants also appear in the analytical expression of V 1 , together with higher-transcendentality constants so far unidentified. This result also sheds light on the possible analytical structure of of the 4-loop QED contribution to the electron g-2. In fact one of the 4-loop g-2 master integrals is a 4-loop 5-lines self-mass integral analogous to S 1 , expressible in terms of irreducible triple elliptic integrals analogous to Eq.(17). iii
Figure Captions

